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EXTENSIONS OF RAMANUJAN’S TWO FORMULAS FOR 1/pi
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Abstract. In terms of the hypergeometric method, we establish the exten-
sions of two formulas for 1/pi due to Ramanujan [27]. Further, other five
summation formulas for 1/pi with free parameters are also derived in the same
way.
1. Introduction
For a complex number x and an integer n, define the shifted factorial by
(x)n = Γ(x+ n)/Γ(x)
where Γ-function is well-defined:
Γ(x) =
∫
∞
0
tx−1e−tdt with Re(x) > 0.
For centuries, the study of pi-formulas attracts many mathematicians. The corresponding results
can be found in [1]-[3], [5]-[15] and [18]-[30]. Thereinto, two formulas for 1/pi due to Ramanujan
[27] can be stated as
∞∑
k=0
( 1
2
)3
k
(k!)3
6k + 1
4k
=
4
pi
, (1)
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k=0
( 1
2
)k(
1
4
)k(
3
4
)k
(k!)3
8k + 1
9k
=
2
√
3
pi
. (2)
Following Bailey [4], define the hypergeometric series by
1+rFs
[
a0, a1, · · · , ar
b1, · · · , bs
∣∣∣ z
]
=
∞∑
k=0
(a0)k(a1)k · · · (ar)k
k!(b1)k · · · (bs)k
zk.
Then the identity due to Gessel-Stanton [17, Eq. (1.7)] and Gasper’s identity (cf. [16, Eq. (5.23)])
can be expressed as
7F6
[
a, 1 + a
3
, b, 1− b, c, 1
2
+ a− c+ n,−n
a
3
, 2+a−b
2
, 1+a+b
2
, 1 + a− 2c, 1 + a+ 2n, 2c− a− 2n
∣∣∣ 1
]
=
( 1+a
2
)n(1 +
a
2
)n(
1+a+b
2
− c)n(1 + a−b2 − c)n
( 1+a+b
2
)n(1 +
a−b
2
)n(
1+a
2
− c)n(1 + a2 − c)n
, (3)
7F6
[
3a, 1 + 3a
4
, 1−3b
2
, 2−3b
2
, 3b, 2a+ b+ n,−n
3a
4
, 1+3a+3b
2
, 3a+3b
2
, 1 + a− b, 1− 3a − 3b − 3n, 1 + 3a + 3n
∣∣∣ 1
]
=
(a + 2b)n(a +
1
3
)n(a +
2
3
)n(a + 1)n
(1 + a− b)n(a+ b)n(a + b+ 13 )n(a + b+ 23 )n
. (4)
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The main aim of the paper is to explore the relations of hypergeometric series and pi-formulas.
Four summation formulas for 1/pi with free parameters including the extension of (1) will be
derived from (3) in section 2. Three summation formulas for 1/pi with free parameters including
the extension of (2) will be deduced from (4) in section 3.
2. Summation formulas for 1/pi with free parameters
implied by the Gessel-Stanton identity
Letting n→∞ for (3), we obtain the following equation:
5F4
[
a, 1 + a
3
, b, 1− b, c
a
3
, 2+a−b
2
, 1+a+b
2
, 1 + a− 2c
∣∣∣ 1
4
]
=
Γ( 1+a+b
2
)Γ(1 + a−b
2
)Γ( 1+a
2
− c)Γ(1 + a
2
− c)
Γ( 1+a
2
)Γ(1 + a
2
)Γ( 1+a+b
2
− c)Γ(1 + a−b
2
− c) . (5)
Choosing a = 1
2
+ 2p, b = 1
2
+ 2q and c = 1
2
+ r in (5), we achieve the extension of (1).
Theorem 1. For p, q, r ∈ Z with min{p + q, p − q} ≥ 0, there holds the summation formula for
1/pi with free parameters:
1
pi
=
( 1
2
)p+q−r(
1
2
)p−q−r
( 1
2
)r
×
∞∑
k=0
( 1
2
)k+2p(
1
2
)k+2q(
1
2
)k−2q(
1
2
)k+r
k!(k + p+ q)!(k + p− q)!( 1
2
)k+2p−2r
6k + 4p+ 1
4k+r+1
.
When p = q = r = 0, Theorem 1 reduces to Ramanujan’s formula for 1/pi given by (1) exactly.
Other two examples of the same type are displayed as follows.
Example 1 (p = q = 1, r = 2 in Theorem 1).
256
3pi
=
∞∑
k=0
( 5
2
)3
k
(k!)2(k + 2)!
6k + 5
4k
.
Example 2 (p = q = 2, r = 4 in Theorem 1).
16384
315pi
=
∞∑
k=0
( 9
2
)3
k
(k!)2(k + 4)!
2k + 3
4k
.
Making a = 3
2
+ 2p, b = 3
2
+ 2q and c = 1
2
+ r in (5), we attain the identity.
Theorem 2. For p, q, r ∈ Z with min{p + q + 1, p − q} ≥ 0, there holds the summation formula
for 1/pi with free parameters:
1
pi
=
( 1
2
)p+q−r+1(
1
2
)p−q−r
( 1
2
)r
×
∞∑
k=0
( 3
2
)k+2p(
3
2
)k+2q(− 12 )k−2q( 12 )k+r
k!(k + p + q + 1)!(k + p− q)!( 3
2
)k+2p−2r
6k + 4p+ 3
4k+r+1
.
Two examples from Theorem 2 are laid out as follows.
Example 3 (p = q = 0, r = 1 in Theorem 2).
32
3pi
=
∞∑
k=0
( 3
2
)3
k
(k!)2(k + 1)!
2k + 1
4k
.
Example 4 (p = q = 1, r = 3 in Theorem 2).
2048
15pi
=
∞∑
k=0
( 7
2
)3
k
(k!)2(k + 3)!
6k + 7
4k
.
Taking a = 1
2
+ 2p, b = 1
2
+ 2q in (5) and then letting c→ −∞, we get the identity.
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Theorem 3. For p, q ∈ Z with min{p+ q, p− q} ≥ 0, there holds the summation formula for 1/pi
with free parameters:
4p+1√
2pi
=
∞∑
k=0
( 1
2
)k+2p(
1
2
)k+2q(
1
2
)k−2q
k!(k + p+ q)!(k + p − q)!
6k + 4p + 1
(−8)k .
Two examples from Theorem 3 are displayed as follows.
Example 5 (p = q = 0 in Theorem 3).
2
√
2
pi
=
∞∑
k=0
( 1
2
)3
k
(k!)3
6k + 1
(−8)k .
Example 6 (p = q = 1 in Theorem 3).
32
√
2
3pi
=
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k=0
( 5
2
)2
k
(− 3
2
)k
(k!)2(k + 2)!
6k + 5
(−8)k .
Setting a = 3
2
+ 2p, b = 3
2
+ 2q in (5) and then letting c→ −∞, we gain the identity.
Theorem 4. For p, q ∈ Z with min{p+ q+1, p− q} ≥ 0, there holds the summation formula for
1/pi with free parameters:
4p+2√
2pi
=
∞∑
k=0
( 3
2
)k+2p(
3
2
)k+2q(− 12 )k−2q
k!(k + p+ q + 1)!(k + p− q)!
6k + 4p+ 3
(−8)k .
Two examples from Theorem 4 are laid out as follows.
Example 7 (p = q = 0 in Theorem 4).
8
√
2
3pi
=
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k=0
( 3
2
)2
k
(− 1
2
)k
(k!)2(k + 1)!
2k + 1
(−8)k .
Example 8 (p = q = 1 in Theorem 4).
128
√
2
15pi
=
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k=0
( 7
2
)2
k
(− 5
2
)k
(k!)2(k + 3)!
6k + 7
(−8)k .
3. Summation formulas for 1/pi with free parameters
implied by Gasper’s identity
Letting n→∞ for (4), we obtain the following equation:
5F4
[
3a, 1 + 3a
4
, 3b, 1−3b
2
, 2−3b
2
3a
4
, 1 + a− b, 1+3a+3b
2
, 3a+3b
2
∣∣∣ 1
9
]
=
Γ(1 + a− b)Γ(a + b)Γ(a + b+ 1
3
)Γ(a + b+ 2
3
)
Γ(a + 2b)Γ(a + 1
3
)Γ(a + 2
3
)Γ(a + 1)
. (6)
Choosing a = 1
6
+ p and b = 1
6
+ q in (6), we achieve the extension of (2).
Theorem 5. For p, q ∈ Z with min{p+ q, p− q} ≥ 0, there holds the summation formula for 1/pi
with free parameters:
2(−1)q
33q−
1
2 pi
=
( 1
2
)
p+2q
∞∑
k=0
( 1
2
)k+3p(
1
2
)k+3q(
1
2
)2k−3q
k!(k + p− q)!(2k + 3p + 3q)!
8k + 6p+ 1
9k
.
When p = q = 0, Theorem 5 reduces to Ramanujan’s formula for 1/pi offered by (2) exactly. Other
two examples of the same type are displayed as follows.
Example 9 (p = q = 1 in Theorem 5).
1024
√
3
405pi
=
∞∑
k=0
( 7
2
)k(− 54 )k(− 34 )k
(k!)2(k + 3)!
8k + 7
9k
.
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Example 10 (p = q = 2 in Theorem 7).
524288
√
3
7577955pi
=
∞∑
k=0
( 13
2
)k(− 114 )k(− 94 )k
(k!)2(k + 6)!
8k + 13
9k
.
Taking a = 1
2
+ p and b = 1
2
+ q in (6), we attain the identity.
Theorem 6. For p, q ∈ Z with min{p+ q, p− q} ≥ 0, there holds the summation formula for 1/pi
with free parameters:
4(−1)q
33q+
1
2 pi
=
(1
2
)
p+2q+1
∞∑
k=0
( 3
2
)k+3p(
3
2
)k+3q(− 12 )2k−3q
k!(k + p− q)!(2k + 3p+ 3q + 2)!
8k + 6p+ 3
9k
.
Two examples from Theorem 6 are laid out as follows.
Example 11 (p = q = 0 in Theorem 6).
16
√
3
3pi
=
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k=0
( 3
2
)k(− 14 )k( 14 )k
(k!)2(k + 1)!
8k + 3
9k
.
Example 12 (p = q = 1 in Theorem 6).
8192
√
3
8505pi
=
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k=0
( 9
2
)k(− 74 )k(− 54 )k
(k!)2(k + 4)!
8k + 9
9k
.
Setting a = 5
6
+ p and b = 5
6
+ q in (6), we get the identity.
Theorem 7. For p, q ∈ Z with min{p+ q+1, p− q} ≥ 0, there holds the summation formula for
1/pi with free parameters:
8(−1)q
33q+
5
2 pi
=
(1
2
)
p+2q+2
∞∑
k=0
( 5
2
)k+3p(
5
2
)k+3q(− 32 )2k−3q
k!(k + p− q)!(2k + 3p+ 3q + 4)!
8k + 6p+ 5
9k
.
Two examples from Theorem 7 are displayed as follows.
Example 13 (p = q = 0 in Theorem 7).
128
√
3
27pi
=
∞∑
k=0
( 5
2
)k(− 34 )k(− 14 )k
(k!)2(k + 2)!
8k + 5
9k
.
Example 14 (p = q = 1 in Theorem 7).
65536
√
3
229635pi
=
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k=0
( 11
2
)k(− 94 )k(− 74 )k
(k!)2(k + 5)!
8k + 11
9k
.
Remark: With the change of the parameters, Theorems 1-7 can produce more concrete formulas
for 1/pi. We shall not lay them out here.
References
[1] V. Adamchik, S. Wagon, A simple formula for pi, Amer. Math. Monthly 104 (1997), 852-855.
[2] D.H. Bailey, J.M. Borwein, Experimantal mathematics: examples, methods and implica-
tions, Notices Amer. Math. Soc. 52 (2005), 502-514.
[3] D.H. Bailey, P.B. Borwein, S. Plouffe, On the rapid computation of various polylogarithmic
constants, Math. Comp. 66 (1997), 903-913.
[4] W.N. Bailey, Generalized Hypergeometric Series, Cambridge University Press, Cambridge,
1935.
[5] N.D. Baruah, B.C. Berndt, Ramanujan’s series for 1/pi arising from his cubic and quartic
theories of elliptic functions, J. Math. Anal. Appl. 341 (2008), 357-371.
[6] N.D. Baruah, B.C. Berndt, Eisenstein series and Ramanujan-type series for 1/pi, Ramanu-
jan J. (2009), DOI 10.1007/s11139-008-9155-8.
[7] N.D. Baruah, B.C. Berndt, H.H. Chan, Ramanujan’s series for 1/pi: a survey, Amer. Math.
Monthly 116 (2009), 567-587.
[8] J.M. Borwein, P.B. Borwein, pi and the AGM: A Study in Analytic Number Theory and
Computotional Complexity, Wiley, New York, 1987.
Extensions of Ramanujan’s two formulas for 1/pi 5
[9] J.M. Borwein, P.B. Borwein, Class number three Ramanujan type series for 1/pi, J. Comput.
Appl. Math. 46 (1993), 281-290.
[10] H.C. Chan, More formulas for pi, Amer. Math. Monthly 113 (2006), 452-455.
[11] H.H. Chan, S.H. Chan, Z.G. Liu, Domb’s numbers and Ramanujan-Sato type series for
1/pi, Adv. Math. 186 (2004), 396-410.
[12] H.H. Chan, W.C. Liaw, Cubic modular equations and new Ramanujan-type series for
1/pi, Pacific J. Math. 192 (2000), 219-238.
[13] H.H. Chan, W.C. Liaw, V. Tan, Ramanujan’s class invariant λn and a new class of series
for 1/pi, J. London Math. Soc. 64 (2001), 93-106.
[14] W. Chu, pi-formulas implied by Dougall’s summation theorem for 5F4-series, Ramanujan
J. (2011), DOI 10.1007/s11139-010-9274-x.
[15] W. Chu, Dougall’s bilateral 2H2-series and Ramanujan’s pi-formulae, Math. Comp. 80
(2011), 2223-2251.
[16] G. Gasper, Summation, transformation and expansion formulas for bibasic series, Trans.
Amer. Math. Soc. 312 (1989), 257-277.
[17] I. Gessel, D. Stanton, Strange evaluations of hypergeometric series, SIAM. J. Math. Anal.
13 (1982), 295-308.
[18] J.W.L. Glaisher, On series for 1/pi and 1/pi2, Q.J. Math. 37 (1905), 173-198.
[19] B. Goure´vitch, J. Guillera, Construction of binomial sums for pi and polylogarithmic con-
stants inspired by BBP formulas, Appl. Math. E-Notes 7 (2007), 237-246.
[20] J. Guillera, About a new kind of Ramanujan-type series, Exper. Math. 12 (2003), 507-510.
[21] J. Guillera, A new method to obtain series for 1/pi and 1/pi2, Exper. Math. 15 (2006),
83-89.
[22] J. Guillera, A class of conjectured series representations for 1/pi, Exper. Math. 15 (2006),
409-414.
[23] J. Guillera, Generators of some Ramanujan formulas, Ramanujan J. 11 (2006), 41-48.
[24] J. Guillera, History of the formulas and algorithms for pi(Spanish), Gac. R. Soc. Mat. Esp.
10 (2007), 159-178.
[25] J. Guillera, Hypergeometric identities for 10 extended Ramanujan-type series, Ramanujan
J. 15 (2008), 219-234.
[26] P. Levrie, Using Fourier-Legendre expansions to derive series for 1/pi and 1/pi2, Ramanujan
J. 22 (2010), 221-230.
[27] S. Ramanujan, Modular equations and approximations to pi, Quart. J. Pure Appl. Math.
45 (1914), 350-372.
[28] D. Zheng, Multisection method and further formulae for pi, Indian J. Pure Ap. Math. 139
(2008), 137-156.
[29] W. Zudilin, More Ramanujan-type formulas for 1/pi2(Russian), Usp. Mat. Nauk. 62 (2007),
211-212.
[30] W. Zudilin, Ramanujan-type formulas for 1/pi: A second wind?, arXiv: math. NT/0712.
1332V2.
